Dipole magnetic moments of several long isotopic chains are analyzed within the self-consistent Finite Fermi System theory based on the Generalized Energy Density Functional method with exact account for the pairing and quasi-particle continuum. New data for nuclei far from the β-stability valley are included in the analysis. For a number of semi-magic isotopes of the tin and lead chains a good description of the data is obtained, with accuracy of 0.1−0.2µ N . A chain of non-magic isotopes of copper is also analyzed in detail. It is found that the systematic analysis of magnetic moments of this long chain yields rich information on the evolution of the nuclear structure of the Cu isotopes. In particular, it may give a signal of deformation for the ground state of some nuclei in the chain.
I. INTRODUCTION
Dipole magnetic moments of atomic nuclei are one of the fundamental nuclear characteristics. Their interpretation played an important role in the formulation of basic theoretical approaches in nuclear physics, such as the Shell Model (SM) [1] and the Finite Fermi System (FFS) theory [2] . Modern RIB facilities provide an access to long chains of isotopes including the radioactive ones in their ground and isomeric states. Spectroscopy techniques using high intensity lasers allow for precision measurements of nuclear spins and magnetic moments. As a result, the bulk of the data on nuclear magnetic moments becomes very extensive and comprehensive [3] creating a challenge to nuclear theory.
Recently, the self-consistent version of the FFS theory was applied to describe magnetic moments of more than 100 odd-A spherical heavy and intermediate atomic mass nuclei [4] . This approach is based on the so-called Generalized Energy Density Functional (EDF) method for nuclei with pairing correlations [5, 6] . It involves explicit consideration of the pion and ρ-meson degrees of freedom and the method of finding the FFS (RPA-like) response function with exact account for all continuum states. The latter was developed in [7, 8] for magic nuclei and in [9] for the general case taking into account pairing correlations. With the exception of a number of cases, a high precision description with accuracy of 0.1−0.2µ N was obtained in [4] . In these calculations the "one-quasiparticle" approximation was used in which an odd nucleus is considered as a system with a quasiparticle added to the even-even core in the state λ 0 at the Fermi surface. In the FFS theory, the quasiparticle differs from the particle in the SM in two respects. First, it possesses the effective local quasiparticle charge e q [V 0 ] for the external field V 0 under consideration. This charge is, as a rule, different from that of the bare particle. Second, the core is polarized with the quasiparticle, via the socalled Landau-Migdal interaction amplitude F , playing the role of the effective interaction in the FFS theory. In this approach, both effects are taken into account in the equation for the effective field V in terms of the bare field V 0 , e q [V 0 ] and F , the magnetic moment value being given by the single-particle matrix element µ λ 0 = (V [μ]) λ 0 λ 0 . It should be noted that in [4] , in addition to the two standard FFS theory local charges with respect to the magnetic field, i.e. the spin ζ s and orbit ζ l local charges, a new, tensor local charge ζ t was added. It is defined in such a way that the corresponding contribution to the magnetic moment operator
µτ 3 , where n = r/r, andτ 3 is the third isospin Pauli matrix. It turned out that introducing such local charge with ζ t = 0.2 makes the overall agreement of the theory with experiment better, especially for nuclei with the odd nucleon in the state
Other FFS theory parameters entering the calculation scheme in the case of the magnetic symmetry were taken from [10, 11] .
In this paper, within the same approach as in [4] , we concentrate on the analysis of magnetic moments of long isotopic chains. Recently a lot of experimental data have been obtained for Cu isotopes [12, 13, 14] and Pb-isotopes [16] . We have analyzed the cases for which a simple approach [4] based on the assumption of sphericity and on the onequasiparticle approximation is not compatible with data. It was found that in several cases the contribution of more complicated configurations should be taken into account. Further, for nuclei at the extremes of the isotopic chains the deformation was found to play a role as well.
II. SEMI-MAGIC NUCLEI
Let us begin from the analysis of the global behavior of magnetic moments for the two chains of semi-magic isotopes of tin (Z = 50) and lead (Z = 82). Ground state energies and radii of both isotopic chains were analyzed in detail by S.A. Fayans et al. [6] within the Generalized EDF method [5] which is a generalization to superfluid systems of the well-known EDF method by Kohn and Sham [17] developed originally for normal Fermi systems. The
Sn and Pb chains were analyzed assuming a spherical shape for the ground state. The very good description of masses and radii, including the odd-even effects, confirmed this assumption. This is in agreement with the systematic analysis of nuclear deformations carried out in [18] within the Advanced Thomas-Fermi method with the Shell-Model correction of V.M.
Strutinsky. It should be noted that we use the term "spherical" for odd nuclei neglecting a small (∝ 1/A) deformation effect of the odd nucleon. In fact, this is taken into account in the FFS theory equations for the effective field V by calculating the core polarization induced by this particle. perimental data taken from [3] is given in Table I and Fig. 1 . For convenience, we present also the difference δµ = µ th − µ exp which characterizes directly the global accuracy of the theory. As we see, this accuracy is sufficiently high: as a rule, we obtained |δµ| < 0.1µ N , and only in four cases 0.1µ N < |δµ| < 0. (up and down) [3] , squares [16] , filled circles [19] , a star [20] and a rhombus [21] . Open circles show the theoretical predictions. The quantum numbers of the single-particle configurations assumed in the calculations are also indicated.
The maximum neutron excess is equal to δN + = 4, ε + = 4% and the deficiency, δN − = 25, ε − = 24.8%. The theoretical predictions for 19 experimental values of magnetic moments [3, 16, 19, 20, 21] are presented in Table II and Fig.2 . Again the accuracy of the theory is rather good: |δµ| < 0.1µ N in 15 cases and 0.1µ N < |δµ| < 0.15µ N in four cases.
Except for 2 out of 13 cases (i.e.
197 Pb * and 207 Pb) all experimental moments are reproduced within 10%.
Thus, for the chains of semi-magic Sn and Pb isotopes containing nuclides that are sufficiently far from the β-stability valley (the maximum value of the relative distance is ε ≃ 25%), the two main assumptions of the calculation procedure, i.e. the spherical symmetry and one-quasiparticle approximation, work sufficiently well. The agreement between the [3] , [19] ( a) ), [20] ( b) ) and [21] ( c) ). Those in preparation are given by Ref. [16] . theory and experimental data confirms also the universal character of the spin dependent parameters of the extended FFS theory which were found primarily for β-stable nuclei.
Similar conclusions were obtained also in systematic studies of the β-decay properties of very neutron-rich nuclei [22] .
For completeness, we present also the magnetic moments of isotones with N = 82, Z min = 51 and Z max = 65. They are collected in Table III (up and down) [3] , filled circles [23] , a rhombus [24] and a square [25] . Open circles show the theoretical predictions. The quantum numbers of the assumed single-particle configurations are also indicated.
139 La and 141 Pr are β-stable, i.e. the β-stability valley for odd N = 82 isotones has limits Z min = 57 and Z max = 59. Using the notation similar to the one introduced above, one finds δZ − = δZ + = 6, and ε
It can be seen from Fig.3 and Table III that in terms of absolute deviation δµ the accuracy of the theoretical predictions is somewhat worse than for the isotopic chains analyzed above. Nevertheless, the theoretical results differ at most 15% from the experimental values. For some of these isotones which are rather close to the lanthanide deformed region the main assumptions of these calculations are not necessarily valid. [3] , [23] ( a) ), [24] ( b) ) and [25] Thus, although the absolute value of the distance from the β-stability valley is less than that for the semi-magic chains considered in the previous section, the relative neutron excess is now maximal. Seven of these isotopes, 57−69 Cu, belong to the 2p − 1f shell, while in the isotopes 71−77 Cu, the next higher 1g 9/2 shell is filling. A systematic analysis of the properties of nuclei of the 2p − 1f shell within the many-particle SM was carried out before [26] . Unfortunately, this paper contains only three isotopes of the Cu chain, i.e. with A = 61, 63, 65.
We now analyzed the entire Cu isotopic chain using different assumptions.A comparison of the calculated values with experimental data [3, 13, 14, 15] is given in Table IV and displayed in Fig. 4 .
A. Spherical calculations for copper chain
First, one can see that the spherical calculations performed within the same onequasiparticle scheme as above (column 6 of Table IV and open circles labelled |3/2 − (spher)
in Fig.4 ) may have some relevance only in the middle of the chain, i.e. near A=69 corresponding to the magic number N=40. For 61−65 Cu, the full fp-space predictions within the many-particle SM [26] (column 5) are in perfect agreement with the data. The fact that the simple FFS theory calculations deviate from the experimental data indicates that manyparticle admixtures should be taken into account in this region. The magicity of N=40 and related characteristics of the low-lying quadrupole excitations were discussed in [27] . Our spherical calculation gives some grounds to assume an onset of deformation in 57,59,73 Cu, this possibility will be discussed in the section D. For 75 Cu and 77 Cu isotopes, the experimental ground state I π values and magnetic moments can in principle be measured.
B. Particle-phonon coupling calculations
Among the relevant mechanisms of renormalization of the magnetic moments in spherical nuclei one should consider the correction induced by the virtual excitation of the low-laying states (the "phonons"). A consistent calculation of such contributions with the manybody theory methods is very complicated. Up to now, it was accomplished into practice only for magic nuclei where pairing is absent [28] . As an approximate version, we use the simple particle-phonon coupling model [29] developed for the magnetic moment problem by I. Hammamoto [30] . In this model, the unperturbed ground state |jm > of the odd nucleus under consideration is mixed with the unperturbed particle-phonon one,
where L is the phonon multipolarity. The magnetic moment of such "bare" state is equal to [3], a filled pentagon [12] , a filled square [13] , a filled star [31] , or a filled rhombus [15] . Theoretical values from [26] (I = 3/2) are shown with filled circles. The assumed configurations are indicated for spherical, deformed and phonon-particle configurations, correspondingly (see details in text).
whereμ z ph stands for the 3-rd component of the phonon magnetic moment operatorμ ph = g RL , with g R being the phonon gyromagnetic ratio. In the collective model used in [30] , one has g R = Z/A. A simple calculation yields
As we will see, for the Cu nuclei the admixture of the particle-phonon state is often large, and therefore the perturbation theory used in [30] is not valid in this case. Instead, one could solve the two-level problem we deal with here exactly. The dynamical admixture of the two states under consideration is
The corresponding magnetic moment is
For the Cu isotopes under consideration the 2 + 1 -state contribution dominates, such that for λ 0 = p 3/2 we have j = 3/2 , L = 2, and
To indicate the maximal impact of the particle-phonon coupling we display in [29] in terms of the excitation energy ω L and transition probability B(EL) of the collective state under consideration. Within this model, the particlephonon interaction matrix element reads:
where C L is the stiffness coefficient of the L-th vibration related to the vibration amplitude
and k L (r) stands for the radial form factor which for surface vibrations has the form:
For the states in the vicinity of the Fermi level of the Cu isotopes these matrix elements are approximately equal to 50 MeV. Inserting now in Eq. (8) L=2, j 1 =j 2 =3/2, and using Eqs. (9) and (10), one obtains a simple formula for the Cu isotopes:
Using the exact solution for the two-level problem, one finds for the mixing probability
We calculated values of w BM (column 8 in Table IV) for the 57−71 Cu isotopes for which the experimental values of ω 2 and β 2 in the even-even Ni core are known (see Table V ). The last positions of the columns 8 and 9 are empty as the corresponding data on the 2 + 1 -excitation in the 72 Ni nucleus are absent. To avoid double-counting of the effect, one should take into account that the 2 + -phonon admixture is partially taken into account in the FFS theory equations via the local quasiparticle charge e q . On the basis of the analysis of the magnetic moment of 69 Cu, the odd neighbor of the magic nucleus 68 Ni, we find that the value of µ p in (6) should be multiplied with the factor 1.05 (see [4] ). Taking this into account and using the values for w BM , Eq. 6 then yields the magnetic moments values that are marked in Fig. 4 with the label B&M. As one can see, the BM model helps to explain deviations from the one-quasiparticle approximation result for nuclei in the vicinity of 69 Cu, the corresponding even-even core being close to 68 Ni. Indeed, in this case the phonon admixture coefficients w BM predicted by the BM model (column 8 of Table IV) are quite close to the ones "required" to fit to data (the 7-th column of this table). This indicates the relevance of the particlephonon coupling mechanism in this region of the Cu chain. On the other hand, for the 57,59 Cu isotopes the values of w BM are much smaller than w, the latter being unrealistically large for these two isotopes. This indicates that the particle-phonon mechanism is irrelevant in the vicinity of the magic core 56 Ni.
Finally, it is of interest to mention that the calculations for the isotopes with A = 61 − 65 are in qualitative agreement with those within the many-particle SM [26] , indicating that the 2 + 1 -state admixture dominates among the many-particle configurations. N ) of Cu isotopes. The experimental data are from [3] , [12] ( a) ), [13] ( b) ), [31] ( c) ). 
D. Calculations for copper chain assuming deformation
Let us now carry out an alternative calculation supposing these Cu isotopes to be deformed. To estimate the possible impact of the quadrupole deformation on the magnetic moments one may assume a simple rigid rotor picture [1] with the effective rotational gfactor being the one for a uniformly charged rigid body g R = Z/A and the intrinsic g-factor (15) nuclei. On the other hand, the fact that the many-particle SM calculations for the three Cu isotopes in the vicinity of N=40 (i.e. A = 61-65; filled circles in Fig. IV ) [26] are in agreement with the experimental data may give evidence that these nuclei are nearly spherical but that the weight of many-particle configurations in the ground-state is rather high. It were very instructive to carry out similar many-particle SM calculations for the other Cu isotopes belonging to the 2p − 1f shell.
E. The nuclei at the extremes of the Cu chain
A different situation takes place in the vicinity of the even-even core 56 Ni which could in principle be considered as "doubly magic", but in fact N = 28 and Z = 28 turn out to be a bad sequence of magic numbers. Spectroscopic studies [32, 33] have revealed evidence for two well-deformed excited bands in 56 Ni. The first rotational band can be explained within shell-model calculations in the full pf model space while the second one seems to be related to the excitations into the 1g 9/2 -orbit [34] . Actually, the isotope 56 Ni is so "soft" that it becomes deformed by addition of only one proton. As a result, the rotor-particle model explains the experimental value of its magnetic moment. In isotopes with large neutron excess, i.e. A ≥73, the deformation pattern is not so definite. Absence of the experimental data for ω 2 and B(E2) in the corresponding Ni isotopes does not permit to find the magnetic moment within the Bohr-Mottelson model. An attempt to use the phonon-particle model in this mass region shows that the adjusted value of the phonon admixture coefficient turns out to be unrealistically large (see Table IV ). On the other hand, the particle-rotor model also explains the data only qualitatively. For more definite conclusions, it were instructive to examine the properties of the 2 + -excitation in the core, 76 Ni, which is very close to the 3-rd semi-magic isotope 78 Ni. In addition, it were important to determine the I π values as well as the experimental magnetic moments for the 75,77 Cu nuclei.
Thus, with the above reservations, we see that examination of the magnetic moments of the long Cu isotope chain permits to retrace the evolution of the shape of the ground state, from spherical in the middle of the chain to deformed at the wings where the nuclei have a large neutron excess or neutron deficiency.
IV. CONCLUSIONS AND DISCUSSION
We have performed a systematic analysis of the magnetic moments of several long isotope and isotone chains of medium heavy and heavy nuclei. The modern version of the selfconsistent FFS theory with exact account for the continuum has been used. The quasiparticle self-consistent basis is generated within the Generalized EDF method [6] . The extended Landau-Migdal effective interaction includes the spin-isospin tensor terms induced by the one-pion and one-rho-meson exchange. For the vast majority of the nuclei considered in the present work and in [4] good agreement at the level of 0.1-0.2µ N has been obtained.
The best accuracy was achieved for the chains of the semi-magic lead and tin isotopes.
We analyzed also in detail the isotopic copper chain for which new data on magnetic moments were obtained recently [13, 14] . It includes nuclei far from the β-stability valley, with a maximal relative neutron excess, ε + = 33%. Our study has shown that the analysis of magnetic moments of long isotopic chains of non-magic nuclei provides important information on the evolution of the ground state structure with neutron number. Copper nuclei can be described in terms of a proton added to the even-even Ni core. If, with some reservations, one considers N = 28 and Z = 28 as magic numbers, the Ni core chain will include two magic nuclei, It is worth to stress that our conclusions about the structure of nuclei of the Cu chain has to be considered as preliminary in view of the fact that rather schematic models were used for the surface vibration admixture in the spherical case and also for deformed nuclei.
It would be instructive to carry out calculations for the seven members of the chain which belong to the 2p − 1f shell within the approach of [26] . It would be also of interest to perform the calculation of the magnetic moments within the hybrid approach uniting the many-particle SM and the FFS theory. So far, this method [38] has been applied only for the isolated 1f 7/2 shell.
It is interesting also to mention the possibility of a new type of phase transitions in nuclei which has recently been predicted by V.A. Khodel et al. [39] . It consists in a rearrangement of the Fermi system vacuum due to the merging of a pair of single-particle levels close to the Fermi surface. This phase transition results in partial occupation numbers and is analogous to the so-called fermionic condensation in infinite Fermi systems [40] . According to estimations in [39] , such phase transition could occur in the 2p − 1f nuclei. It would be of great interest to carry out an analysis of the magnetic moments supposing that such phase transition takes place.
